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Abstract 

We elaborate notions of integration over the space of arcs factorized 
by the natural C*-action and over the space of non-parametrized arcs 
(branches). There are offered two motivic versions of the zeta function 
of the classical monodromy transformation of a germ of an analytic 
function on C^. We indicate a direct formula which connects the naive 
motivic zeta function of J. Denef and F. Loeser with the classical 
monodromy zeta function. 



Introduction. 

The notion of motivic integration invented by M. Kontsevich and developed 
by V. Batyrev, J. Denef, F. Loeser et al. (see, e.g., [HIIZIIIII) is an analogue of 
p-adic integration. It also can be considered as a generalization of the notion 
of integration with respect to the Euler characteristic (see ^^1) in two direc- 
tions. First, instead of the usual Euler characteristic (with values in the ring 
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of integers Z) one considers the generalized (universal) Euler characteristic 
with values in the Grothendieck ring Kq{Vc) of complex algebraic varieties 
or/and in a modification (localization, completion) of it. Second, instead of 
integration over, say, a (finite dimensional) algebraic variety one integrates 
over the infinite dimensional space of arcs. This notion, in particular, gives 
a possibility to construct (or to define) motivic versions of some classical 
invariants of varieties or of singularities. The notion of a motivic version of 
an invariant is not well defined. There are only two obvious requirements: 
such a version should be an invariant itself and it should specialize to the 
classical one under a corresponding additive invariant: Euler characteristic, 
Hodge-Deligne polynomial, ... Sometimes such invariants can be defined as 
certain integrals with respect to the universal Euler characteristic. However, 
one can meet the following problem. 

On the space of arcs, there is a natural C*-action defined by a * y:>{T) = 
ip{aT). Majority of natural constructible functions on the space of arcs which 
could participate in a definition of an invariant (say, the order of a fixed 
function along an arc) are invariant with respect to this action. The integral 
of such a function over the space of arcs with respect to the universal Euler 
characteristic is divisible by the class L — 1 of the punctured complex line. 
Therefore the specialization of this integral by the usual Euler characteristic 
morphism is equal to zero and no motivic version of an usual invariant can 
be constructed this way (as such an integral). E.g., the Euler characteristic 
of the "naive" zeta function of J. Denef and F. Loeser (see [7j) is equal to 
zero. 

To define motivic versions of (integer valued) invariants of singularities, 
one has "to kill" this C*-action. One can imagine several ways to do this. 
One way is to consider not the whole space of arcs but a certain subspace of it. 
This was made in [8, where instead of the space of arcs it was considered its 
subspace consisting of arcs with the prescribed first coefficient of the Taylor 
expantion of the function under consideration along an arc. 

As another possibility one can imagine substitution of integration over the 
space of arcs by integration over another (infinite-dimensional) space. For 
example, integration over the space of functions or over its projectivization 
appeared to be useful for some problems: P, ... For instance one can 
factorize the space of arcs by this C*-action. One can say that this way is 
inspired by the notion of projectivization. (It is not really the projectivization 
since this C*-action is not free.) For integration over the space of functions 
it was used, e.g., in [2]. 
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It is also possible instead of arcs to try to consider branches, under what 
we understand arcs without parametrization. In other words we consider the 
space of arcs (space of maps ^9 : (C, 0) W) factorized by the group Autcfi 
of changes of the coordinate (C, 0) — > (C, 0). One can say that this notion 
has more geometric meaning than arcs modulo the described C*-action, in 
particular, since this action itself depends on the choice of the coordinate in 
the source (C, 0). Moreover it seems that integration over the set of branches 
should be more generalizable to possible constructions of integration over sets 
of higher dimensional subspaces. 

We shall be interested in constructing a motivic version of the classical 
monodromy zeta function 

q>0 

of the germ of a function / : (C^, 0) (C, 0) {h : Vf ^ Vf is the classical 
monodromy transformation of the germ /). By the A'Campo formula (^J) 
the zeta function C/(^) can be written as the integral of the expression (1— t"^) 
over the exceptional divisor of a resolution of the germ / (in the group 
1 + t ■ with respect to multiplication). Arcs on correspond to points 
of the exceptional divisor. Thus one can substitute integration over the 
exceptional divisor by integration over the space of arcs. However, because 
of the described reason, the corresponding integral over the space of arcs 
degenerates to 1 under the specialization to the usual Euler characteristic. 
To avoid this problem, we shall elaborate notions of integration over the space 
of arcs factorized by the C*-action and over the space of branches. Here we 
discuss these notions only in the smooth case. An integral over the space of 
arcs factorized by C* can be considered as a well-defined division by (L — 1) 
of the corresponding integral over the space of arcs itself (otherwise defined 
only up to torsion: see, e.g., 0). 

Another problem which can be met on this way is to give meaning to 
an expression of the form (1 — in the A'Campo formula when the 

usual Euler characteristic x{Z) is substituted by the universal one (i.e. to 
give sense to the expression (1 — t™-)"!^] for [Z] from the Grothendieck ring 
KoiVc) or from its localization _K'o(Vc) [L^^] by the class L of the complex 
affine line). A way to do this was the main result of [TU] . 

The zeta function C/(^) of the monodromy transformation can be obtained 
from the Denef-Loeser motivic Milnor fibre (see |H1)- The last one is the limit 
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at infinity of tlie Igusa motivic zeta function. The motivic Milnor fibre can 
be described in terms of ramified coverings of components of the exceptional 
divisor of a resolution of the germ /. The motivic invariants which specialize 
to the zeta function C/(^) offered here are expressed in terms of components 
of the exceptional divisor themselves, not in terms of their coverings. 

The Grothendieck semiring 5*0 (Vc) of complex quasi-projective varieties is 
the semigroup generated by isomorphism classes [X] of such varieties modulo 
the relation [X] = [X — Y] + [Y] for a Zariski closed subvariety Y (Z X; the 
multiplication is defined by Cartesian product: [Xi] ■ [X2] = [Xi x X2]. The 
Grothendieck ring KoiVc) is the group generated by these classes with the 
same relation and the same multiplication. Let L G Kq{Vc) be the class of the 
complex affine line, and let ii'o(Vc)[L~^] be the localization of Grothendieck 
ring KoiVc) with respect to L. The class [X] G 5'o(Vc) can be defined for 
any constructible subset X (as ^[^i] for a partition X = UXi of the set X 
into a finite union of quasi-projective varieties). 

In what follows TZ will denote one of the discussed (semi)rings. There is a 
natural (semi) ring homomorphism x '■ ~^ which sends the class [X] of a 
variety X to the Euler characteristic x{^) of the set X. For a series A{t) = 

^ Ai f with coefficients Ai from 71 its specialization x{A(t)) under the Euler 

1=0 

00 

characteristic homomorphism is the power series ^ x(y4j) G 

i=0 

Definition of the space of arcs on an algebraic variety and of the motivic 
measure on it can be found, e.g., in [HIE] (here we use them only for smooth 
varieties) . 

1 The space of arcs factorized by the C*-action. 

Let Co be the space of arcs on the affine space at the origin, i.e. maps 
ip : (C, 0) {C^, 0) (in particular Cq C xnO^^ q, where m is the maximal 
ideal in the ring Ocd Q of germs of functions). For n > 0, let Cq be the 
space of n-jets of arcs, i.e. the space Co/m^Co of arcs truncated at the 
level n. There is a natural C*-action on the spaces Cq and Cq defined by 
a * ifir) = ifiar) {a E C* = C\ {0}). Let := Co \ {0}, := \ {0} 
and let £q/C* and £q*/C* be the corresponding spaces factorized by the 
C*-action. The space Cq*/C* is a (finite dimensional) projective variety. 
Therefore, for a constructible subset Y of it, there is defined its generalized 
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(universal) Euler characteristic XgiX) = [^] ^ -^o(Vc)- For n > 0, there 
exists a natural map 7r„ : Cq/C* {Cq* /£*) U {0} and, for n > m, there 
exists a natural map 7r„,„ : {Q*/C*) U {0} {C^*/C*) U {0}. The last map 
is constructible. The space C^* /£-* can be decomposed into finitely many 
constuctible subsets so that over each of them the map Hn^m is a locally trivial 
fibration (in the Zariski topology) whose fibre is a vector space of dimension 
d{n — m) factorized by a finite cyclic group action (the isotropy group of the 
corresponding jet). Since the class in Kq{Vc) of a vector space of dimension 
d factorized by a representation of a finite abelian group is equal to L*^ (see 
[TTl Lemma 5.1]) then, for a constructible subset Y in C]^*/C*, one has 
[^nm(^)] — L'^*^""™) ■ [Y]. This inspires the following definitions. 
Definition: A subset X C £q/C* is called cylindric if there exist n > and 
a constructible subset Y C Cq*/C* such that X = tc~'^{Y). 

Definition: The motivic measure (or the universal Euler characteristic) of a 
constructible subset X C ajC*, X = tt-\Y) for Y C C};*/C*, is XgiX) : = 
[Y]-h-''^eKoiVc)[h-']. 

Definition: A function ip : Cq/C* G with values in an abelian group G 
is constructible if it has countably many values and, for each a G G, a 7^ 0, 
the level set ip~^io,) is constructible. 

In the usual way (see, e.g., [HIIII]) one can define the integral /^./c* ^ dxg 
of the function ip with respect to the generalized Euler characteristic (the 
motivic measure), as ^ Xgii^'^i^^)) ' (Warning: not all constructible 

functions are integrable since the sum of a series may have no sense in the 
group G.) 

Let p be the factorization map Cq Cq/C*. For a constructible subset 
X C Cq/C*, let X = p~^{X) be the corresponding C*-invariant subset of 
the space Co of arcs. One can easily see that Xgi^) = (L — l)xg{X). This 
implies the following statement. 

Proposition 1 Let ip : Cq/C* —>■ G be a constructible integrable function 
and let ip = o p : Cq ^ G be the corresponding C* -invariant function on 
the space of arcs. Then the function ip is integrable and 

/ '4^dXg = (L - 1) / i^dxg. 
Jco Jci/c* 
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This means that integrals over the space £q/C* can be considered as well 
defined versions of the corresponding integrals over the space of arcs itself 
divided by (L — 1). It is not clear that such division is well defined in the 
ring ii'o(Vc)[lL^^]. Usually it can be made formally when such an integral is 
computed (say, in terms of a resolution), however, either the result should 
be considered modulo elements from the annulator of (L — 1), or one should 
proof that the result does not depend on a resolution. For instance in jS] it 
was shown that the motivic Milnor fibre (introduced in ^ up to (L — 1)- 
torsion) is well defined. Therefore integration over the space Cq/C* of arcs 
modulo C* can be considered as a formalization of this procedure. 

2 The space of branches on (C^, 0). 

Now we adapt the construction described above for the space of arcs fac- 
torized by the group Autc^ of local changes of the coordinate in (C, 0). 
For an arc (p : (C, 0) (C"^, 0) and h G Autcfl {h : (C, 0) ^ (C,0)), let 
h * ipij-) := ip{h~^{T)). This defines an action of the group Autc^Q on the 
space of arcs. 

Definition: An orbit of such an action is called a branch (on (^^,0)). 

The group v4ntc,o ^-cts also on the jet space Cq. Moreover such an action 
coincides with the induced action of the group Auf^ Q of n-jets of coordinate 
changes on £q. Let := Co/Autcfi and Bq := £o/AMtc,o be the factor 
spaces of this action, let Bq* := Bq \ {0} = Cq* /Autcfl. Here all of them are 
considered simply as sets without an additional structure. 

The jet space £q has a natural filtration defined by powers of the maximal 
ideal m of the ring O^d q of germs of functions at the origin in : 

Cm 1-0 *^ ^ 1-0 • • • *^ ^ ''-0 *^ ^ ''-0 ~ *-o • 
This filtration respects the action of the group Auticfl. Let 

n-l 

= IJ m £o \ m 

be the corresponding decomposition of the punctured jet space £q* of Cq. 
For each i, the isotropy groups of points for the action of the group Aut^^Q 
on the space vcfC^ \ m*"'"^£g have the same dimension (equal to n — i). The 
factor space (m^^Q \ v[f~^^CQ)/Aut^Q is a quasi-projective variety. 
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Definition: A subset Y C Bq* will be called constructible if for each i — 

0, . . . ,n - 1 the set = y n {{m'C^ \ C^) / Autl^^) is a constructible 
subset of the set (m'^Q \m''"''^£Q) /Aut^ q. The generalized Euler characteristic 

n 

Xg(y) = [F] of the set Y is the sum ^[Fj] of classes of its parts Y^. 

1=0 

Let 7r„ : Bo — > and, for n > m, 7r„^^ : — > be the natural 
maps. For n > m, there exists a stratification of B^* such that over each 
stratum the map Hn^m '■ Bq B™ is a locally trivial fibration (in the Zariski 
topology), whose fibre is the factor of a (c? — l)(n — m) -dimensional vector 
space by a finite cyclic group action. Therefore, for a constructible subset 
Y in B^*, n> m, one has [7r-j„(y)] = U'^-^^^"'^\Y]. This inspires the 
following definitions. 

Definition: A subset X C Bq is called cylindric if there exist n > and a 
constructible subset F C B^* C B^ such that X ^n-^{Y). 

Definition: The motivic measure (or the universal Euler characteristic) of 
a cylindric subset X C Bq, X = n'^Y) for Y C B^*, is Xgi^) = [F] • 

l^-id-l)n e iro(Vc)[L-l]. 

This measure induces the corresponding notion of integration over the 
space of branches. 

Let pb be the factorization map jCq — > Co/Autco, let the same map 
Cq — > CQ/Auf^ Q. 

r rn 
^-0 ^ L,Q 

Vh i i vl 
Bo ^ Bl 

For a cylindric subset X C Bq, X = 7r-i(F), F C B^*, let X = p,;^(X) be the 
corresponding A-utc^Q-invariant set of arcs. Let Yi = yn((m*£Q \ xtf~^^CQ)/Autcfi) 
and = {p]^)-\Yi), for 2 = 0, 1, . . . , n - 1. One has F = UlUji- Let X^ ^= 
(7r„)-i(r,)^and X, = (7r„ o p,)-i(r,), then X = U^'o'^^ and X = UL'o'^i- 
One has [Yi\ = (L - l)L"-^-^[Fi]. Therefore 

X,(X,) = L-'^'^[f,] = (L - 1) L"— = (L - 1) lL-^-'xg{Xi). 

This implies the following statement. Let ord be the order function on 
the space of arcs: ord{(p) — i + 1 ii (p e rn^Co \ m^'^^Co, i.e. ord{(p) = i + 1 for 
e Xj (ord is an Autc,o-iiivariant function on the space of arcs). Let T°'^'^ be 
the corresponding map Cq —>■ 1'[[T]] (where is considered as an abelian 
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group with respect to summation). For a constructible function ip : Bq ^ G 
{G is an abelian group), let ip — ip o pi, : jCq ^ G he the corresponding 
Awtco-iiivariant function on the space of arcs and let ip* = ijj (S> T°'^'^ be the 
corresponding function with values in G ®z = G[[T]]. 

Proposition 2 // the function ip is a constructible integrable function then 
the function ip* is integrable and 

/ i^* dXg Ir^t ^ - ^) ^dxg. 

Thus an integral over the space of branches of a G-valued function is 
defined by a certain integral over the space of arcs but of a G[[T]] -valued 
function. 

Proof. Let := ip~'^{a). Then 



L-1)/" ipdxg = (L-1) E Xg{Xa)-a 



(n{a)-l \ /n{a)-l 

E XgiX^^i) -a = E E ^'^"UXa,) I •« 

1=0 J aeG,a^O \ i=0 

/n{a)-l \ 

= E J2T'^'xMa,i)]\r^^-a = / rdxg\r^ 

(since, for ip e Xa,i, ord{ip) — i + 1). □ 



3 Integrals in terms of a resolution. 

Let / : (C'', 0) — > (C, 0) be a germ of an analytic function, and let tt : 
(C, 0) be a resolution of the germ /, i.e. a proper modification 
of (C^, 0) which is an isomorphism outside of the zero-level set {/ = 0}, X 
is smooth and the exceptional divisor D = 7r~^(0) and the total transform 
£ — (/o7r)^^(0) of the zero-level set of / are normal crossing divisors on 
X. For (p e Co, let Vf{ip) — ordf{(p) be the order of the function / on the 
arc ip, Vf = ordf : Cq ^ 'LVJ {oo}. The function Vf is Auic,o-invariant (and 
therefore C*-invariant) . 
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Let 8 = UifzigEi be the decomposition of the total transform S into the 
union of irreducible components, let Jq = /g U Jq where, for i E Iq (respec. 
for i E Iq), Ei G T> (respec. Ei is a component of the strict transform 
of {/ = 0}). For i G Jq, let Nt be the multiplicity of the hfting / o vr of 
the function / to the space X of the resolution along the component Ei, 
let z/j — 1 be the multiplicity of the d-form vr* dx along the corresponding 

o 

Ei {dx = dxi A ... A dxd is the volume form on C^). For i G Jq, let Ei:= 
Ei \ Uj^iEj be "the smooth part" of the component Ef, for / C Jq, / 7^ 0, let 

o 

Ej := Hi^iEi, Ej:= Ej \ Uj(=io\iEj. 

The argument of Theorem 2.2.1] imply the following statement. 

Proposition 3 

Now suppose that the resolution tt : {X,V) — > (C"', 0) factorizes through 
the blowing-up ttq : (A'o,CP'^"^) ^ (C^, 0) at the origin in i.e. vr = 

TTo o tt', tt' : {X,V) (Xq, CF'^-^). For i G Jq, let be the multiplicity of 
the component E^ in the divisor 7r'*(CP'^^^). The same arguments with those 
used in Proposition 2 give the following statement. 

Proposition 4 

4 Power structure over the Grothendieck ring 
of varieties. 



In what follows we shall be interested in integrals with respect to the motivic 
measure of a function (1 — t^-' )"^ whose values are considered as elements of 
the group l + t-ii'o(Vc)[L^^][[t]] with the product as the group operation. Let 
S be either the space Co of arcs, or Cq/C*, or the space Bq of branches. To 
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emphasize that the integration is with respect to the multiphcative structure, 
we shall denote such an integral by 



(1 _t^/)-<^X9. 

If Xn = {v? G iS : Vf{ip) = n}, then 

„ oo 



For the integral of f 1 — t"! ) ^ one has 

oo 



•JS n=l 



where the expression (1 — t")", a G -K'o(Vc)[L -"^J, is understood in the sense of 
[TUj . There was constructed a, so called, power structure over the (semi)ring 
7^ (any one of ^o(Vc), i^o(Vc), ifo(Vc) [L-i]). 

Definition: A power structure over a (semi)ring i? is a map (1 + t ■ X 
R 1 + t ■ -R[[t]] : {A{t), m) which possesses the properties: 

1. {A{t)f = 1, 

2. (A(t))^ = A(t), 

3. ■ B{t)r = {A{t)r ■ {B{t)r, 

4. = (A(t))'" ■ {A{t)f, 

5. = i{A{t)Tr. 

According to the construction in JU], for = where Z is a quasi- 

projective variety, one has 

oo 

{i-tr = Cz{t) = i + J2is'z]-t\ 

k=i 

where S''Z = Z^ / Sk is the fcth symmetric power of the space Z [Czif) is the 
Kapranov zeta function of the variety Z, see fl]), (1 — 1)~ = (1 — t)"" W^x ■ 
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In jTU] there also was defined a map Exp : t ■ -K'o(Vc)[IL~"^][[t]] ^ 1 + 
t ■ Ko{Vc)[^~^][[t]] which was an isomorphism of the abehan groups (with 
addition and multiphcation as group operations respectively). It is defined 
by the equation 

(oo \ oo 

1=1 / i=l 

One can easily see that 




An intention to apply the constructions of this paper to the (multi vari- 
able) Alexander invariants of a collection of functions /i, . . . , /r on (C'^, 0) 
could lead to integrals of the form 




where v{^) = {vi{^), . . .,Vr{(p)), Vii^^) = VfX^p), t = {ti, . . .,tr), t- = fi ■ 
... ■ t'^'' . Another reason to consider power series in several variables can 
be seen from Proposition H (if, say, G = Ko{Vc)[[t]], ^/'(<^) = r/(^)). This 
makes reasonable to consider expressions of the form A{t)'^^ , where A{t) = 
1 + ^ Akt-,Ak&7l,ME 71. If there exists a power structure over a 

ring R, there is a natural way to define the corresponding expression in the 
multi variable case as well. However, if i? is a semiring, in general this does 
not work. Since elements of the Grothendieck semiring 5*0 (Vc) of complex 
varieties have more geometric meaning (they are represented by "genuine" 
varieties, not by virtual ones), it is reasonable to give a geometric definition 
of this operation over this semiring. 

It is possible (and convenient) to give the definition in a little bit more 
general setting. Let S be an ordered abelian semigroup with zero such that 
each element s & S has only finitely many representations as sum of elements 
of S (in particular, zero is the smallest element of S). For a (semi)ring R 
there is defined the corresponding semigroup (semi)ring -RffS"]] which consists 
of formal sums (series) of the form ^ r^s, where G R, with the natural 

operations: + = ^(r^ + r'^)s, (E^^l^) " (E'"!'^) = El^^li • 

^s2){si~^S2), where in the last expression one should combine summands with 
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the same Si + S2- Let it^+ffyS"]] be the set (ideal) of series of the form ^ rgS. 

ses,s>o 

The (semi)ring R[[t\] of formal power series in r variables t — {ti, . . . ,tr) with 
coefficients from R is the semigroup (semi)ring R[[S]] for S — Z>o- 

It is convenient to describe the power structure over the Grothcndieck 
semiring 5*0 (Vc) in terms of graded spaces (sets). A graded space (with 
grading from 5'>o) is a space A with a function /_4 on it with values in S'>o. 
The element /^(a) of the semigroup S is called the weight of the point a E A. 

To a series A e l+S'o(Vc)+[[-S']], A—1+ ^ [As]s one associates the graded 

seS,s>o 

space A= ]J with the weight function which sends all points of Ag 

ses,s>o 

to s G S. In the other direction, to a graded space {A, IX) there corresponds 

oo 

the series A — 1 -\- Ylii^sl^ with Ag — /^^(s). To describe the series A!^^\ 

i=l 

we shall describe the corresponding graded space A^ first. The space A^ 

consists of pairs {K, ip) , where 7^ is a finite subset of (the variety) M and if 
is a map from K to the graded space A. The weight function I^j^M on A^"^ is 
defined by ly^m^K^i^) = ^ I_A{ip{k)). This gives a set-theoretic description 

k£K 

of the series A'^l To describe the coefficients of this series as elements of 
the Grothcndieck semiring 5'o(Vc), one can write it as 



■ So, 



where k ^ {kg : s e S, s > 0, kg e Z>o}, A is the "large diagonal" in M'^''" 
which consists of (^ A;s)-tuples of points of M with at least two coinciding 
ones, the permutation group Sk^ acts by permuting corresponding kg factors 
in Yl D (Hs Af'^'*) \ A and the spaces Ag simultaneously (the connection 

s 

between this formula and the description above is clear). 



5 Motivic versions of the monodromy zeta 
function. 

Let 
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where S = Cq, Cq/C*, or the space of branches Bq. Let us compute the 
speciahzation of the series fjsit) under the (usual) Euler characteristic mor- 
phism. 

Proposition 5 For S = Cq, xivsit)) = 1/ for S = Cq/C* or Bq, 

oo 
k=l 

where Cf{t) is the classical monodromy zeta function of the germ f . 

Proof. For S = Cq, this follows from the expression for the integral J^^ t'"fdxg 
in terms of a resolution since all terms in it are divisible by (L — 1). For 
S = Cq/C* or Bq, from Propositions 3 and 4 it follows that under the Euler 
characteristic morphism all terms corresponding to non trivial intersections 
of complements (i.e. to / with |/| > 1) vanish and 



v{t) = xMt)) = n 11(1 - t^^o-^^^'^ = n 11(1 - ^ 

i€l'ok=l k=l 

(this follows from the equation x {A{ty^'^) = {x{A{t))f^^^\ see Ac- 
cording to the A'Campo formula jlj it is equal to 

oo 

vit) = llO{t'). (**) 

k=l 

□ 

Let /i(n) be the Mobius function: 

if n has one or more repeated prime factors, 

yu(n) = 1 if n = 1, 

-1)'^ if n is a product of k distinct primes. 

From the property /i(l) = 1, — n > 1 one has the following 

i\n 

statement. 
Corollary. 

oo 

(fit) = n(^(^^))'^^^- 
1=1 
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This leads to the following motivic versions of the monodromy zeta func- 
tion. 

Definition: For S = Cq/C* or Bq, the series 



i=\ 



will be called the arcs/€-* and branches motivic version of the monodromy 
zeta function for S = Cq/C* and S = Bq respectively. 
In other words 

C/,5(t) = Exp (^J^f^^K^y"' dxg^ = Exp l^fj l^fi{k)x,{X^a/k)^ r 

n>l 

Proposition 6 The series C/,<s(^) ^ -^o(Vc) [L^^] [[t]] is an invariant of the 
germ f and its specialization under the Euler characteristic morphism coin- 
cides with (the Taylor expansion of) the monodromy zeta function Cf{t). 

Propositions 121 and E] give: 

Theorem 1 For a resolution tt : — > (C^, 0) of the germ f one has: 

-M{m){L-l)#^-i[S°/] 

c/.£s/c*(t)=n n I n a-L-^^r^^)' 

m=l 7c/o,07^/!Z:-fo \{fc»|ie/} 

{here k = {ki\i G /}, u = {vi\i G /}, iV = {Ni \ « G /}, z/ = ^ fcjZ/j, . . . ). 

If the resolution vr factorizes through the blowing-up ttq : (Aq, CP'^^"'^) - 
(C'^, 0) at the origin in C^, then: 

c/.^oW=n n I n (i-l-m^-^^)^^^:' 

{M = {M,\tel}). 
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6 Final remarks. 



The function J^^ t^f dxg is the "naive" zeta function of J. Denef and F. Loeser 
(see [7j) which is a rational function (this follows from its description in 
terms of a resolution). One of the most interesting problems about this 
function is the "Monodromy Conjecture" which states that there is a set 
S = {{I'jN) : u, N & N, N > 0} such that the "naive" zeta function always 
belongs to iro(Vc)[L-i][(l -L-'^t^)-i]|(,,;v)}G5 and if g = -u/N, {u, N) e 5, 
then exp(— 2z7rg) is an eigenvalue of the classical local monodromy operator 
around zero at some point P G /^^(O). 

After Proposition|21it is clear that the Monodromy Conjecture for J^^ dXg 
is equivalent the Monodromy Conjecture for t'"f dxg- Because of the 

identities (*) and (**) one has 



C/,5(t)=Exp(f;/i(2) / 

\i=i -^Al 



X 



Exp I I ffdXg] ]=ll^f{t'). 

k=l 

These seems to be the first direct formulae which connects the Denef-Loeser 
zeta function and the classical monodromy zeta function. 

The Monodromy Conjecture was originally stated in the p-adic case for 
the Igusa local zeta functions, see e.g. 0. In jlj J. Denef and F. Loeser 
introduced an analytic invariant called local topological zeta function of a 
germ / (as a kind of limit of the local Igusa zeta function) whose initial 
definition was written in terms of a resolution: 

besides that it does not depend on it. If first we substitute t by L^'^ in 
Ico '^"^ expand L"" and (L - 1)(1 - L-''+^")-^ into series in L - 1; 

and finally take the Euler characteristic then one gets Ztopfi{f,s). Also the 
Monodromy Conjecture has been stated for this function in |4j. See for 
more information about the conjecture. 

In the case of integration over branches one can do the same procedure 
to get a new analytic invariant of the germ /. The function 

ZbM^s) :=x((L-1) / t^' dxgl^^^.,) 

JB 
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is rational and in terms of a resolution which factorizes through the blowing- 
up TTo : (A'o, CP*^-^) {C^, 0) at the origin in one has 

In particular one could ask if the Monodromy Conjecture holds for Z^flif, s). 
The example f{x, y) = {x'^ + y'^){y'^ + x^) shows that this is not the case. The 
monodromy zeta function Cf{t) is (1 — — t^)"^ while 

^ ,^ , 8s2 + 24s + 14 

^H,o(/, S) 



;i0s + 7)(4s + 3)(l + s) ■ 

References 

[1] A'Campo N. La fonction zeta d'une monodromie. Comment. Math. 
Helv. 50 (1975), 233-248. 

[2] Campillo A., Delgado F., Gusein-Zade S.M. Poincare series of a rational 
surface singularity. Inventiones Math. 155 (2004), no.l, 41-53. 

[3] Denef J. Report on Igusa's local zeta function. Seminaire Bourbaki, 
Asterisque 201-202-203 (1991), 358-386. 

[4] Denef J., Loeser F. Caracteristiques d'Euler-Poincare, fonctions zeta 
locales et modifications analytiques, J. Amer. Math. Soc. 5 (1992), no. 4, 
705-720. 

[5] Denef J., Loeser F. Motivic Igusa zeta functions. J. Algebraic Geom. 7 
(1998), no.3, 505-537. 

[6] Denef J., Loeser F. Germs of arcs on singular algebraic varieties and 
motivic integration, Inventiones Math. 135 (1999), no.l, 201-232. 

[7] Denef J., Loeser F. Geometry on arc spaces of algebraic varieties. Euro- 
pean Congress of Mathematics, Vol. I (Barcelona, 2000), 327-348, Progr. 
Math., 201, Birkhuser, Basel, 2001. 

[8] Denef J., Loeser F. Lefschetz numbers of iterates of the monodromy and 
truncated arcs. Topology 41 (2002), no. 5, 1031-1040. 



16 



[9] Gusein-Zade S.M., Delgado F., Campillo A. Integrals with respect to 
the Euler characteristic over the space of functions and the Alexander 
polynomial. Proceedings of the Steklov Institute of Mathematics 238 
(2002), 134-147. 

[10] Gusein-Zade S. M., Luengo I., Melle-Hernandez A. A power structure 
over the Grothendieck ring of varieties. Math. Res. Lett. 11 (2004), no. 
1, 49-57. 

[11] Looijenga E. Motivic measures. Seminaire Bourbaki, Vol. 1999/2000. 
Asterisque, no.276 (2002), 267-297. 

[12] Veys W. Arc spaces, motivic integration and stringy invariants. Preprint 



ArXiv |E^.AG/0401374[ 



[13] Viro O.Ya. Some integral calculus based on Euler characteristic. Topol- 
ogy and geometry: Rohlin Seminar, 127-138, Lecture Notes in Math., 
1346, Springer, Berlin, 1988. 



17 



